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Integers representable as differences of linear
recurrence sequences
Daodao Yang
Abstract
Let {Un}n>0 and {Gm}m>0 be two linear recurrence sequences defined over
the integers. We establish an asymptotic formula for the number of integers c
in the range [−x, x] which can be represented as differences Un − Gm, when x
goes to infinity. In particular, the density of such integers is 0.
1 Introduction and main results
S. S. Pillai [3] [4] studied the following Diophantine equation.
am − bn = c (1)
He conjectured that for arbitrary given integer c > 1 the Diophantine equa-
tion (1) has only finitely many positive integer solutions (a, b,m, n) , with
m,n > 2. Pillai’s conjecture is a corollary of the abc conjecture. For c = 1,
Pillai’s conjecture coincides with Catalan’s conjecture which is already proved
by Mihilescu [1]. For all c 6= 1, Pillai’s conjecture is still open.
For fixed integers a, b, Pillai proved that for all sufficiently large c, there
is at most one solution (m,n) with m,n > 2 to equation (1). Pillai also [2][3]
[4] proved that that the number of integers c in the range [1, x] which can be
expressed in the form c = am − bn is asymptotically equal to
(log x)2
2(log a)(log b)
Recent years, there appeared several papers studying solutions (m,n) to the
following Diophantine equation (2), where {Un}n>0 and {Gm}m>0 are given
linear recurrence sequences:
Un −Gm = c (2)
For instance, in [5], the authors consider the special situation, Un = Fn,
the Fibonacci numbers, Gm = 2
m. In [6], Un = Tn, the Tribonacci numbers,
Gm = 2
m. In [9], Un = Fn, Gm = Tm. These papers find all integers c having
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two different representations as c = Un−Gm for some integersm > M0, n > N0,
where M0 and N0 are fixed integers depending on the recurrence sequences.
Furthermore, in [10], the authors consider the general linear recurrence se-
quences (with some subtle requirements). They prove that there exists a effec-
tively computable finite set C such that there exist at least two solutions (m,n)
for the equation (2) if and only if c ∈ C.
In this paper, we consider the problem that how many c can make equation
(2) have at least one solution, where |c| 6 x. We find an find an asymptotic
formula for the number of such integers c when x→∞. To state our result, we
make some definitions first.
We say that {Un}n>0 is a linear recurrence sequence defined over the integers
if for some positive integer k, we have
Un+k =
k−1∑
i=0
ξiUn+i, ∀n > 0,
where ξi ∈ Z are fixed and U0, U1, . . . , Uk−1 are given integers.
The characteristic polynomial of {Un}n>0 is defined as:
f(X) = Xk −
k−1∑
i=0
ξix
i =
t∏
i=1
(X − αi)σi ,
where σi ∈ N and α1, . . . , αt are distinct roots of f(X), called characteristic
roots of {Un}n>0.
Let α1, α2, · · · , αt (t > 1) be the characteristic roots of {Un}n>0 and
β1, β2, · · · , βs (s > 1) the characteristic roots of {Gm}m>0. Suppose |α1| >
|α2| > · · · > |αt| and |β1| > |β2| > · · · > |βs|. Then we call α = α1 the
dominant root of {Un}n>0 and β = β1 the dominant root of {Gm}m>0. Fur-
thermore, we call {Un}n>0 and {Gm}m>0 are dominant to each other if we
additionally have |α| > |β2| (or β is the unique characteristic root of {Gm}m>0
) and |β| > |α2| (or α is the unique characteristic root of {Un}n>0 ).
For a fixed integer N0, a sequence {Un}n>0 is said to be strictly increasing
in absolute values for n > N0 if |Un+1| > |Un| > 0 for all n > N0. This
condition can ensure that all elements in the sequence are different from each
other, starting from some element.
Theorem 1. Let {Un}n>0 and {Gm}m>0 be two linear recurrence sequences
defined over the integers. Suppose that {Un}n>0 and {Gm}m>0 are dominant to
each other with dominant roots α and β respectively. Furthermore, suppose that
α and β are multiplicatively independent, |α| > 1 and |β| > 1. Suppose also that
{Un}n>0 and {Vm}m>0 are strictly increasing in absolute values for n > N0 and
m > M0 respectively. Then the number of integers c in the range [−x, x] which
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can be written in the form c = Un −Gm is asymptotically equal to (log x)
2
log |α|·log |β| .
In other words,
#{c : |c| 6 x, c = Un −Gm} ∼ (log x)
2
log |α| · log |β| , as x→∞
Corollary 1. Assume the same conditions for {Un}n>0 and {Gm}m>0 as in
Theorem 1. Then the density of integers of the form Un −Gm is 0.
Example 1. The Fibonacci numbers {Fn}n>0 are defined by Fn+2 = Fn +
Fn+1 and F0 = 0, F1 = 1. {Fn}n>0 has a dominant root α =
√
5+1
2 > 1.
Another characteristic root is 1−
√
5
2 with absolute value less than 1.The number
of integers c in the range [−x, x] which can be written in the form c = Fn − 2m
is asymptotically equal to
(log x)2
log(
√
5+1
2 ) · log 2
Example 2. The Tribonacci numbers {Tm}m>0 are defined by Tm+3 = Tm +
Tm+1 + Tm+2 and T0 = 0, T1 = 1, T2 = 1. {Tm}m>0 has a dominant root
α = 13 (1 +
3
√
19 + 3
√
33 +
3
√
19− 3√33) > 1. Two other characteristic roots
of {Tm}m>0 are complex roots with absolute values less than 1. The number of
integers c in the range [−x, x] which can be written in the form c = Fn − Tm is
asymptotically equal to
(log x)2
log(
√
5+1
2 ) · log(13 (1 +
3
√
19 + 3
√
33 +
3
√
19− 3√33))
By the following theorem in [10], we know that if |c| is sufficiently large, then
there exists at most one solution (n,m) such that c = Un −Gm.
Theorem 2 (Chim, Pink, Ziegler). Suppose that {Un}n>0 and {Vm}m>0 be
two linear recurrence sequences defined over the integers with dominant roots
α and β respectively. Furthermore, suppose that α and β are multiplicatively
independent. Suppose also that {Un}n>0 and {Vm}m>0 are strictly increasing in
absolute values for n > N0 and m > M0 respectively. Then there exists a finite
set C such that the integer c has at least two distinct representations of the form
Un−Vm with n > N0 and m > M0, if and only if c ∈ C. The set C is effectively
computable.
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So Theorem 1 is equivalent to a corollary of Theorem 3.
Theorem 3. Assume the same conditions for {Un}n>0 and {Gm}m>0 as in
Theorem 1. The number of solutions (n,m) of the inequality |Un −Gm| 6 x is
denoted by S(x), then
S(x)
(log x)2
>
1
log |α| · log |β| +Θ(
log log x
log x
), ∀x > 3
Moreover, ∀ η ∈ (0, 1), ∃x1 = x1(η) depending on η such that
S(x)
(log x)2
6 (1 + η)2
1
log |α| · log |β| +Θ(
log log x
log x
), ∀x > x1
Remark: we use the theta notation Θ(·), where g = Θ(h) means that
c1h 6 |g| 6 C2h for some positive constants c1 and C2. Moreover, if both
the dominant roots α and β have multiplicity equal to one, then the remainder
terms Θ( log log xlog x ) can be improved to Θ(
1
log x).
Corollary 2. Assume the same conditions for {Un}n>0 and {Gm}m>0 as in
Theorem 1. The number of solutions (n,m) of the inequality |Un −Gm| 6 x is
denoted by S(x), then
lim
x→∞
S(x)
(log x)2
=
1
log |α| · log |β|
2 Preliminary results
Estimates for lower bounds for linear forms in logarithms are key tools for
our proof. Baker and Wstholz have obtained many results. For instance, [7]
provided an explicit bound. And in this paper, we will use the theorem proved
by Matveev [8].
For an algebraic number α, suppose its minimal primitive polynomial over
the integers is
P (z) = a(z − z1)(z − z2) · · · (z − zd),
then the absolute logarithmic height of α is equal to:
h(α) : =
1
d
(log a+
d∑
j=1
log(max{1, |zj|}))
In the following is a modified version [11] of Matveevs theorem [8].
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Theorem 4 (Matveev). Let γ1, . . . , γt be non-zero elements in a number field
K of degree D, and let b1, . . . , bt be rational integers.
B = max{|b1|, . . . , |bt|}
and
Ai > max{Dh(γi), | log γi|, 0.16}, 1 6 i 6 t.
Assume that
Λ := γb11 · · · γbtt − 1,
is non-zero. Then,
log |Λ| > −3× 30t+4 × (t+ 1)5.5 ×D2(1 + logD)(1 + log tB)A1 · · ·At.
In order to use Matveev’s theorem, one needs to require that Λ 6= 0. The
following two lemmas can show that Λ 6= 0 if n and m are sufficiently large.
Lemma 1 ([10]). Let K be a number field and suppose that α, β ∈ K are al-
gebraic numbers which are multiplicaticely independent. Then there exists an
effetively computable constant C0 > 0 such that
h(
αn
βm
) > C0 max{|n|, |m|}, ∀n,m ∈ Z
Lemma 2 ([10]). Let K be a number field. p, q ∈ K[x] are two arbitrary polyno-
mials. Then there exists an effective constant C depends on p and q such that
h(
p(n)
q(m)
) 6 C logmax{n,m}, ∀n,m ∈ Z, n,m > 2
3 Proof of Theorem 3
By our assumptions, we can write Un and Gm as the following, where ai(n)
and bj(m) are some polynomials.
Un =
t∑
i=1
ai(n)α
n
i , Gm =
s∑
j=1
bj(m)β
m
j
In this section, when we mean a constant, it may depend on αi, βj , the
polynomials ai, and bj . But we may not point this out.
5
Proof. Using the property of dominant roots, we can fix positive integers L and
d, such that
|Un| 6 L · nd · |α|n, ∀n ∈ N, (3)
|Gm| 6 L ·md · |β|m, ∀m ∈ N, (4)
We will need the following lemma to get estimates for upper bounds for n
and m.
Lemma 3. ∃ ǫ0 ∈ (0, 1), ∀ǫ ∈ (0, ǫ0], we can find a constant Kǫ > 1, such that
|Un| 6 Kǫ · (|α|+ ǫ)n, ∀n ∈ N, (5)
|Gm| 6 Kǫ · (|β|+ ǫ)m, ∀m ∈ N, (6)
where the constant Kǫ can be given by
Kǫ =
κ
ǫd
, and κ = 2max{|α|d, |β|d} · Ldde−d .
Proof. Without loss of generality, let’s assume that |α| > |β|. Then (5) and (6)
will follow from the following inequality
L · nd · |α|n 6 Kǫ · (|α|+ ǫ)n
Take logarithm and we can obtain
logL− logKǫ 6 n log(1 + ǫ|α| )− d logn (7)
Define
f(x) : = x log(1 +
ǫ
|α| )− d log x, ∀x ∈ (0,∞).
Then f(x) attains its minimum at x0 =
d
log(1+ ǫ
|α|
) .
So in order to make inequality (7) hold for all positive integer n, it suffices
that the following hold.
logL− logKǫ 6 d− d log( d
log(1 + ǫ|α|)
)
Thus we have
logKǫ > −d log log(1 + ǫ|α| ) + logL+ d log d− d
6
Therefore,
Kǫ > exp(−d log log(1 + ǫ|α| )) exp(logL+ d log d− d)
=
1
(log(1 + ǫ|α|))
d
· Ldde−d
Note that
lim
x→∞
log(1 + x)
x
= 1 ,
so exists ǫ0 ∈ (0, 1), when ǫ ∈ (0, ǫ0], we can take
Kǫ =
κ
ǫd
,
where κ = 2|α|d · Ldde−d.
3.1 A lower bound for S(x)
The conditions Kǫ · (|α| + ǫ)n 6 x2 and Kǫ · (|β| + ǫ)m 6 x2 will imply
|Un −Gm| 6 |Un|+ |Gm| 6 Kǫ · (|α|+ ǫ)n +Kǫ · (|β|+ ǫ)m 6 x.
Noting that
n 6
log x
log(|α|+ ǫ) −
log(2Kǫ)
log(|α|+ ǫ) ⇐⇒ Kǫ · (|α|+ ǫ)
n
6
x
2
m 6
log x
log(|β|+ ǫ) −
log(2Kǫ)
log(|β|+ ǫ) ⇐⇒ Kǫ · (|β|+ ǫ)
m
6
x
2
we can obtain lower bounds for S(x):
S(x) > (
log x
log(|α|+ ǫ) −
log(2Kǫ)
log(|α|+ ǫ) )(
log x
log(|β|+ ǫ) −
log(2Kǫ)
log(|β| + ǫ) )
Expand the product and divide (log x)2 :
S(x)
(log x)2
>
1
log(|α| + ǫ) log(|β|+ ǫ) −
2 log(2Kǫ)
log(|α|+ ǫ) log(|β|+ ǫ)
1
log x
+
(log(2Kǫ))
2
log(|α|+ ǫ) log(|β|+ ǫ)
1
(log x)2
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Set
ǫ =
1
log x
,
then
log(2Kǫ) = log
2κ
ǫd
= log(2κ(log x)d) = log 2κ+ d log log x = Θ(log log x)
Thus
− 2 log(2Kǫ)
log(|α|+ ǫ) log(|β| + ǫ)
1
log x
= Θ(
log log x
log x
)
(log(2Kǫ))
2
log(|α|+ ǫ) log(|β|+ ǫ)
1
(log x)2
=
(Θ(log log x))2
log(|α|+ ǫ) log(|β|+ ǫ)
1
(log x)2
= Θ((
log log x
log x
)2)
And
log(1 +
ǫ
|α| ) = log(1 +
1
|α| ·
1
log x
) = Θ(
1
log x
), log(1 +
ǫ
|β| ) = Θ(
1
log x
)
It follows
1
log(|α|+ ǫ) log(|β|+ ǫ) −
1
log(|α|) log(|β|)
= − log(|α|+ ǫ) log(|β|+ ǫ)− log |α| log |β|
log |α| log |β| log(|α|+ ǫ) log(|β|+ ǫ)
= − log(|α|+ ǫ) log(|β|+ ǫ)− log(|α|) log(|β|+ ǫ) + log(|α|) log(|β|+ ǫ)− log |α| log |β|
log |α| log |β| log(|α|+ ǫ) log(|β| + ǫ)
= −
log(|β|+ ǫ) log(1 + ǫ|α|) + log(1 + ǫ|β| ) log |α|
log |α| log |β| log(|α| + ǫ) log(|β|+ ǫ)
= Θ(
1
log x
)
Combine these terms, we obtain
S(x)
(log x)2
>
1
log |α| · log |β| +Θ(
1
log x
) + Θ(
log log x
log x
) + Θ((
log log x
log x
)2)
=
1
log |α| · log |β| +Θ(
log log x
log x
)
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3.2 An upper bound for S(x)
In this subsection, we give estimates for upper bounds for m and n under
the condition that |Un −Gm| 6 x. Let x be sufficiently large, so that m and n
could also be sufficiently large.
Let’s write a(n) = a1(n), b(m) = b1(m) and let un =
∑t
i=2 ai(n)α
n
i and
gm =
∑s
j=2 bj(m)β
m
j , then
Un = a(n)α
n + un, Gm = b(m)β
m + gm
Substitute into |Un −Gm| 6 x, then we get
x > |a(n)αn + un − (b(m)βm + gm)| > |a(n)αn − b(m)βm| − |un| − |gm| (8)
Case 1 m > n: we have max{n,m} = m.
We first give an upper bound for m, then give an upper bound for n.
Divide |b(m)| · |β|m in each sides of (8), then
x
|b(m)| · |β|m > |
a(n)
b(m)
αnβ−m − 1| − |un||b(m)| · |β|m −
|gm|
|b(m)| · |β|m
Set Λ = a(n)
b(m)α
nβ−m − 1.
Set t = 3, γ1 =
a(n)
b(m) , b1 = 1, γ2 = α, b2 = n, γ3 = β, b3 = −m,
B = max{|n|, |−m|, 1} = m. D = [K : Q], whereK = Q(α, α2, . . . , αt, β, β2, . . . , βs).
A2 > max{Dh(α), | logα|, 0.16}, A3 > max{Dh(β), | log β|, 0.16}. So we
can choose A2 and A3 to be two positive constants.
By Lemma 2, there exists a positive constant C
′
, such that when m > 2,
we have
max{Dh(γ1), | log γ1|, 0.16} = max{Dh( a(n)
b(m)
), | log a(n)
b(m)
|, 0.16} 6 C ′ logmax{n,m} = C ′ logm,
So we can let A1 = C
′
logm.
If Λ = 0, then by Lemma 1 and Lemma 2, m will be small [10].
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Λ = 0⇐⇒ a(n)
b(m)
=
βm
αn
=⇒ C logm > h( a(n)
b(m)
) = h(
βm
αn
) > C0m =⇒ m is small
Thus we can fix some integer m1 such that m > m1 =⇒ Λ 6= 0.
So when m > m1, by Matveevs theorem, we will have
log |Λ| > −C(1 + log(3m)) logm,
where C is a positive constant.
Equivalently, we have
|Λ| > exp(−C(1 + log(3m)) logm) = 1
mC
· 1
mC log 3m
,
By the conditions that |β| > |β2| and |β| > |α2|, we can choose β′2 and α′2
satisfying that |β| > |β′2| > |β2| and |β| > |α′2| > |α2|.
Then we can find a positive constant Ĉ such that
|un| 6 Ĉ · |α′2|n, |gm| 6 Ĉ · |β′2|m, ∀m,n
Moreover, since |α′2
β
| < 1 and |β′2
β
| < 1, there exists m2 such that when
m > m2, the following will hold.
1
4mC
· 1
mC log 3m
>
Ĉ
δ
· |α
′
2
β
|m, 1
4mC
· 1
mC log 3m
>
Ĉ
δ
· |β
′
2
β
|m
And for some positive constant δ and some integer m3, we have |b(m)| > δ,
for all m > m3.
Therefore, whenm > m0, we can get estimates for lower bounds of
x
|b(m)|·|β|m
as following. Here m0 = max{m1,m2,m3}.
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x|b(m)| · |β|m > |
a(n)
b(m)
αnβ−m − 1| − |un||b(m)| · |β|m −
|gm|
|b(m)| · |β|m
> |Λ| − Ĉ
δ
· |α
′
2|n
|β|m −
Ĉ
δ
· |β
′
2|m
|β|m
>
1
mC
· 1
mC log 3m
− Ĉ
δ
· |α
′
2
β
|m − Ĉ
δ
· |β
′
2
β
|m
=
1
2mC
· 1
mC log 3m
+ (
1
4mC
· 1
mC log 3m
− Ĉ
δ
· |α
′
2
β
|m) + ( 1
4mC
· 1
mC log 3m
− Ĉ
δ
· |β
′
2
β
|m)
>
1
2mC
· 1
mC log 3m
Thus
x
|b(m)| · |β|m >
1
2mC
· 1
mC log 3m
, m > m0
Take logarithm,
log x
log |β| > m−
C(log 3m)(logm)
log |β| −
C logm
log |β| +
log δ − log 2
log |β|
The terms (log 3m)(logm) and logm are controlled by the term m, so ∀ η ∈
(0, 1), ∃x1 = x1(η) depending on η such that when x > x1,
m 6 (1 + η)
log x
log |β| .
Next, we will obtain a bound for n.
By |Gm| 6 Kǫ · (|β|+ ǫ)m, we have
m 6 (1 + η)
log x
log |β| =⇒ |Gm| 6 Kǫ · x
(1+η) log(|β|+ǫ)
log |β|
So |Un| is bounded by
|Un| 6 |Un −Gm|+ |Gm| 6 x+Kǫ · x(1+η)
log(|β|+ǫ)
log |β| 6 2Kǫ · x(1+η)
log(|β|+ǫ)
log |β|
We can find a positive constant J0 and integer n1 such that
|Un| > J0 · |α|n, ∀n > n1
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Combine these inequalities
J0 · |α|n 6 2Kǫ · x(1+η)
log(|β|+ǫ)
log |β| , ∀n > n1
Take logarithm,
log J0 + n log |α| 6 log(2Kǫ) + (1 + η) log(|β|+ ǫ)
log |β| log x
Thus
n 6 (1 + η)
log(|β| + ǫ)
log |β|
log x
log |α| +
log(2Kǫ)− log J0
log |α|
So for the case max{n,m} = m, we can get
m 6 (1 + η)
log x
log |β|
n 6 (1 + η)
log(|β|+ ǫ)
log |β|
log x
log |α| +
log(2Kǫ)− log J0
log |α|
Case 2 m 6 n: we have max{n,m} = n.
Divide |a(n)| · |α|n in each sides of (8), then
x
|a(n)| · |α|n > |
b(m)
a(n)
βmα−n − 1| − |un||a(n)| · |α|n −
|gm|
|a(n)| · |α|n
Similarly, we can get
n 6 (1 + η)
log x
log |α|
m 6 (1 + η)
log(|α|+ ǫ)
log |α|
log x
log |β| +
log(2Kǫ)− log J0
log |β|
As a result, in both cases max{n,m} = m and max{n,m} = n, we all have
the following inequalities:
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m 6 (1 + η)
log(|α|+ ǫ)
log |α|
log x
log |β| +
log(2Kǫ)− log J0
log |β|
n 6 (1 + η)
log(|β|+ ǫ)
log |β|
log x
log |α| +
log(2Kǫ)− log J0
log |α|
Then one can obtain upper bounds for S(x):
S(x) 6((1 + η)
log(|α|+ ǫ)
log |α|
log x
log |β| +
log(2Kǫ)− log J0
log |β| )
× ((1 + η) log(|β| + ǫ)
log |β|
log x
log |α| +
log(2Kǫ)− log J0
log |α| )
Expand the product,
S(x) 6(1 + η)2
log(|α|+ ǫ) log(|β| + ǫ)
log |α| log |β|
(log x)2
log |α| log |β|
+ (1 + η)
log(|α|+ ǫ)
log |α|
log x
log |β|
log(2Kǫ)− log J0
log |α|
+ (1 + η)
log(|β|+ ǫ)
log |β|
log x
log |α|
log(2Kǫ)− log J0
log |β|
+
(log(2Kǫ)− log J0)2
log |α| log |β| .
Again we set ǫ = 1log x and set
I : = (1 + η)2
log(|α|+ ǫ) log(|β|+ ǫ)
log(|α|) log(|β|)
1
log(|α|) log(|β|)
then
I
(1 + η)2
=
log(|α| + ǫ) log(|β|+ ǫ)− log(|α|) log(|β|)
(log |α| log |β|)2 +
1
log |α| log |β|
= Θ(
1
log x
) +
1
log |α| log |β|
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Set
II : = (1 + η)
log(|α|+ ǫ)
log |α| log |β|
log(2Kǫ)− log J0
log |α|
1
log x
then by log(2Kǫ) = Θ(log log x), we will have
II = Θ(
log log x
log x
)
Similarly, one can get
II
′ : = (1 + η)
log(|β|+ ǫ)
log |β| log |α|
log(2Kǫ)− log J0
log |β|
1
log x
= Θ(
log log x
log x
)
And
III : =
(log(2Kǫ)− log J0)2
log |α| log |β|
1
(log x)2
= Θ((
log log x
log x
)2)
As a result,
S(x)
(log x)2
6 I+ II+ II′ + III
= (Θ(
1
log x
) +
(1 + η)2
log |α| log |β| ) + Θ(
log log x
log x
) + Θ(
log log x
log x
) + Θ((
log log x
log x
)2)
= (1 + η)2
1
log |α| log |β| +Θ(
log log x
log x
)
So
S(x)
(log x)2
6 (1 + η)2
1
log |α| · log |β| +Θ(
log log x
log x
), ∀x > x1(η)
4 Further Conjectures and Problems
The key in our proof is the tool for linear logarithmic forms for algebraic
numbers α and β. However, we conjecture that there should be similar results
even when α or β are transcendental numbers.
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Conjecture 1. Let α, β ∈ C, |α| > 1, |β| > 1. Then α and β are multiplica-
tively independent if and only if
#{(n,m) : |αn − βm| 6 x, (n,m) ∈ N× N} ∼ (log x)
2
log |α| · log |β| , x→∞
We also have the following conjecture which can imply that log(π) is irra-
tional.
Conjecture 2.
#{(n,m) : |πn − em| 6 x, (n,m) ∈ N× N} ∼ (log x)
2
log π
, x→∞
We also put some problems for more than two powers. These questions may
also need linear logarithmic forms for transcendental numbers, which is beyond
our current methods.
Problem A: Is the following true?
#{(n,m) : |πn+(
√
5)n−7m−em| 6 x, (n,m) ∈ N×N} ∼ (log x)
2
(log π)(log 7)
, x→∞
Problem B: Could one find positive constants α, β, ξ,M , all larger than 1,
such that any two of α, β, ξ are multiplicatively independent and the following
can be true?
#{(n,m, k) : |αn + βm − ξk| 6 M, (n,m, k) ∈ N× N× N} =∞
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